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Three-Dimensional Turbine Rotor Forcing Functions
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Many turbomachine � ow� elds are inherently three dimensional. Often, however, the data and methods
used to analyze the unsteady aerodynamic forcing functions generated by these blade rows are two
dimensional. This paper is directed at developing a three-dimensional compressible � ow forcing-function
modeling technique to split forcing-function data into vortical and potential components. This is accom-
plished by extending current state-of-the-art two-dimensional methods to three dimensions in cylindrical
coordinates. Three-dimensional unsteady forcing-function data, both unsteady pressure and velocity, gen-
erated by the � rst rotor of a low-speed, two-stage research turbine are used in the model development.
Both the three-dimensional model developed herein and a two-dimensional model are then applied to the
turbine rotor data. For the potential perturbation velocity, the three-dimensional method agrees well with
the two-dimensional strip theory method in terms of both velocities and axial decay factors. For the
vortical perturbation velocity, the correlations were inconsistent with the two-dimensional theory in that
the vortical proportionality constant was not constant and the phasing of the velocity components was
not zero.

Nomenclature
A, D = potential and vortical perturbation proportionality

constants
c = speed of sound
J , Y = Bessel functions of the � rst and second kinds of

order
k = wave number
M = Mach number of relative mean � ow
P = mean pressure
p = perturbation pressure
SR = rotor blade spacing
s, = streamwise and transverse coordinates
U, V, W = axial, tangential, and radial mean velocity

components of Q
u, v, w = axial, tangential, and radial perturbation velocity

components of
= relative exit � ow angle
= eigenvalue for eigenfunction in r
= potential function of perturbation quantities
= complex axial decay factor
= phase angle

Subscripts
H, T = hub and tip
p, v = potential and vortical
, x = tangential and axial

0 = uniform freestream

Superscripts
= magnitude or phase angle

* = nondimensionalized by Q or 0Q
2
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Introduction

F LOWFIELDS in multistage turbomachinery are unsteady
because of � ow phenomena such as inlet distortion, vis-

cous wakes, secondary � ows, turbulence, shock waves, and
potential � elds producing irregular � ow patterns. The relative
motion between adjacent blade rows causes the � ow spatial
nonuniformity of one row to produce temporal � ow � uctua-
tions (aerodynamic forcing functions) to an adjacent row.
These increase blade heat transfer and can produce blade vi-
brations that adversely affect blade durability and fatigue life.

Many unsteady aerodynamic models to predict blade re-
sponse rely on linearization of the equations describing the
two-dimensional, inviscid � ow� eld. The unsteady � ow is as-
sumed to be composed of a small vortical or potential per-
turbation to a steady � ow. Depending on the model, the steady
� ow is treated as either a uniform potential or an Euler � ow-
� eld. Additionally, nonlinear, two-dimensional unsteady Euler
and three-dimensional unsteady Navier– Stokes analyses exist
but require considerably more computational time than the
more prevalent linearized, two-dimensional models.

Henderson and Fleeter1 experimentally investigated the two-
dimensional vortical gust modeling assumption of the linear-
ized, two-dimensional model. Forcing functions generated by
perforated plates satis� ed vortical gust constraints, but those
generated by loaded airfoils did not. As a result of the large
unsteady static pressure perturbations present in the airfoil
gusts, they suggested that better data – theory correlation would
be achieved by additionally modeling and incorporating the
potential component of the gust into their forcing-function
model.

Manwaring and Wisler2 incorporated the potential compo-
nent of the gust in the forcing-function model by using the
two-dimensional analysis method and applied the resulting
analysis to low-speed research turbine and compressor data.
The measured gusts are split into vortical and potential com-
ponents using only the measured unsteady velocity data.

Feiereisen et al.3 determined, through a weighted least-
squares study of two-dimensional unsteady data from a rotat-
ing annular cascade, that proper splitting of forcing function
data requires the measurement of the unsteady pressure in ad-
dition to the unsteady velocity. This was determined by para-
metrically weighting the pressure data from zero to full
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Table 1 Turbine cascade geometry

Stator 1 Rotor 1 Stator 2 Rotor 2

No. of blades 32 29 32 31
Chord, in. (mm) 2.5 (64) 2.5 (64) 2.5 (64) 2.5 (64)
Aspect ratio 1.0 1.0 1.0 1.0
Solidity 1.53 1.38 1.53 1.48

Fig. 1 Purdue Low-Speed Research Turbine facility.

weighting and comparing the results to theory. This method
has also been applied to low-speed turbine data.4 As a result,
a non-least-squares two-dimensional method was developed
that fully uses both pressure and velocity measurements and
has been applied to compressor data.5,6

Many turbomachine � ow� elds, particularly turbine � ows,
are inherently three dimensional. However, the previously
noted data and methods used to analyze the unsteady aero-
dynamic forcing functions generated by these blade rows are
two dimensional. Thus, this paper is directed at developing a
three-dimensional compressible � ow forcing-function model-
ing technique to split forcing-function data into vortical and
potential components and then assessing three-dimensional tur-
bine rotor forcing functions. This is accomplished by extend-
ing the two-dimensional methods developed by Feiereisen et
al.3 to three dimensions and considering the steady � ow to be
compressible and uniform. Three-dimensional unsteady forc-
ing-function data, both unsteady pressure and velocity, gen-
erated by the � rst rotor of a low-speed, two-stage research
turbine are used to aid in the model development. Both the
three-dimensional model developed herein and a two-dimen-
sional model are then used to split the measured forcing func-
tion gusts into potential and vortical components, with the two-
and three-dimensional results correlated.

Research Turbine
The Purdue Low-Speed Research Turbine is a 2500-rpm

two-stage axial-� ow turbine with constant hub and tip diameter
(Fig. 1) and 50% reaction NACA A3K7 series airfoils. Air at
ambient pressure and temperature is drawn into the turbine
inlet by a centrifugal blower powered by a 100-hp (75-kW)
electric motor. Air� ow rates of 3000– 5400 scfm (1.4 – 2.6 m3/s)
are measured by a 20-in.-diam (0.51-m Ø) venturi � ow meter
and regulated by a variable inlet vane damper, enabling the
turbine � ow coef� cient to be varied from 0.3 to 0.5. Turbine
loading is controlled by a water brake dynamometer that dis-
sipates 40 hp (30 kW) at the highest turbine loading, enabling
the turbine-stage loading coef� cient to be varied from 0.4 to
1.8. Additional turbine design details are as follows: � ow rate
5.6 lbm/s (2.5 kg/s), axial velocity 91 ft/s (28 m/s), rotational
speed 2500 rpm, number of stages 2, power extraction 30 hp
(22 kW), reaction 50%, tip diameter 19.18 in. (0.49 m), hub/
tip ratio 0.740, � ow coef� cient 0.47, and stage loading coef-
� cient 1.52. Turbine cascade geometry is shown in Table 1.

Instrumentation

Spanwise unsteady static pressure measurements are made
using a 0.095-in.-diam (2.4-mm) probe constructed from a Ku-
lite XCS-062 ultraminiature transducer mounted on a Mitutoyu
digital scale with 0.001-in. (25- m) resolution. The pressure
probe is calibrated for pitch and yaw angle sensitivity. Un-

steady, three-dimensional velocity measurements are made
with a TSI 1213-20 hot-� lm slant probe. The cylindrical sensor
of the slant probe is 0.002-in. diam (51- m), 0.040-in. (1.0
mm) long, and slanted at 45 deg. The slant sensor is moved
along the span and rotated about the probe axis with an L. C.
Smith Co. actuator having 0.02-in. (0.51-mm) linear resolution
and 0.2-deg angular resolution. Voltage signals from the pres-
sure and slant probes are taken using a National Instruments
A-2000 A/D data acquisition board.

Data Acquisition and Analysis

Probes are located a quarter-chord axially downstream of
the � rst-stage rotor trailing edge at the inlet plane of the sec-
ond-stage stator. Data are acquired from 10 to 90% span in
10%-span increments. The hot-� lm slant and pressure probes
are located 22.5 deg apart circumferentially, with each probe
situated halfway between adjacent stators of stage two.

Data are acquired at the turbine design � ow coef� cient of
0.47. The data sampling rate is approximately 24 kHz, result-
ing in 20 data points per rotor blade, with gusts from 10 blades
acquired per rotor revolution to comprise one frame of data.
The sampling frequency is adjusted so that exactly 10 rotor
blade gusts are acquired per frame to ensure against leakage
in the Fourier transform analysis. Each frame of data is syn-
chronized or phase locked in that each is triggered by a one-
per-revolution optical trigger mounted on the turbine shaft.
This allows the frames to be ensemble-averaged to eliminate
nonperiodic random � uctuations in the data signals. For each
spanwise location, 200 frames are acquired for ensemble-av-
eraging. Because the pressure probe is at a different circum-
ferential location than the hot-� lm slant probe, after Fourier
transformation of the pressure and velocity signals the pressure
signal is phase shifted to correspond to the location of the
velocity signal. The estimated measurement uncertainties are

2% for static pressure, 6% for velocity magnitude, 2 deg
for velocity direction, and 1/2% for spanwise location.

Linear Theory
For an unsteady, isentropic, compressible � ow composed of

a uniform mean � ow and a small-perturbation unsteady � ow,
the linearized continuity and momentum equations describing
the perturbation velocity and pressure are

1 D p0
= 0 (1)02c Dt0

D0
p = 0 (2)0

Dt

where the velocity and pressure p are small compared to the
mean velocity and pressure, 0 and c0 are the constant free-
stream density and speed of sound, respectively, and the ma-
terial derivative is D0/Dt / t Q , where Q is the mean
velocity vector.

Velocity Field Decomposition

The perturbation velocity � eld is decomposed into vortical
(rotational) and potential (irrotational) components7

= (3)v p
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Fig. 2 Rotor relative exit � ow� eld.

where the rotational velocity is termed vortical, and the irro-
tational velocity is termed potential.

The vortical velocity is constrained to be solenoidal and con-
vective

= 0 (4)v

D0 v = 0 (5)
Dt

and the potential velocity satis� es

= (6)p

= 0 (7)p

Substituting these relations into Eq. (2) yields the unsteady,
linearized Bernoulli equation, and from Eq. (1), the convective
wave equation:

D0
p = (8)0

Dt

1 D D0 0 2 = 0 (9)2c Dt Dt0

Vortical Gust

The solution to Eq. (5) is the real part of

= exp[ ik (x Qt) i ] (10)v v

where the gust propagation vector for two-dimensional � ow in
terms of x and coordinates is k kx êx k ê , and the
constant, real gust magnitude vector is .u ê êv v x v

With respect to the rotor frame of reference wherein the � ow
is steady, substituting Eq. (10) into Eq. (4) yields

u k k = 0 (11)v x v

From geometric consideration of the rotor exit � ow� eld in
the relative reference frame (Fig. 2), the gust propagation vec-

tor is perpendicular to the mean relative velocity vector, ex-
pressed as k Q = 0, or in expanded form

Uk Vk = 0 (12)x

where the wave number vector components are k = 2 /SR,
and kx = k tan , is the mean relative exit � ow angle.¯ ¯

Equations (11) and (12) imply proportionality between the
vortical gust vector and the mean relative velocity vector, with
the proportionality constant denoted as D. Equation (10) ex-
pressed in the rotor relative reference frame is thus

= DQ exp( ik x) (13)v

This implies that the vortical gust maintains constant am-
plitude and phase as it convects, known as the frozen gust
assumption, meaning that the gust is unaffected by the local
steady potential � eld.

Equation (13) represents a planar wave. Hence, Eq. (13) is
valid only when the three-dimensional region may be well de-
scribed by a Cartesian coordinate system, i.e., the curvature of
the annulus must be small compared to the blade pitch spacing
and span. Thus, for � ows that are better modeled in the three-
dimensional cylindrical r, , x coordinate system

/ Q (14)v

¹ DQ exp( ik x) (15)v

Potential Gust

In the steady, two-dimensional rotor frame of reference, Eq.
(9) simpli� es to

2 2
2(1 M ) = 0 (16)2 2s

Applying periodicity boundary conditions in the tangential
direction and boundedness in the positive axial direction, so-
lutions are obtained in the axial– coordinate system

= A exp[k ( n x in )] (17)n

n=

where A is a complex constant and is given by

2 2¯ ¯iM cos sin 1 M
(18)2 2 ¯1 M cos

Similarly, the following three-dimensional solution to Eq.
(16) in cylindrical coordinates is obtained by applying perio-
dicity boundary conditions in the tangential direction, � ow tan-
gency at the hub and tip walls, and boundedness in the positive
axial direction:

= C R( , r)exp( x ink ) (19)m,n m,n m,n
m=1 n=

Cm,n are complex coef� cients, and eigenfunctions R are given
by

J ( r) Y ( r)m,n m,nR( , r) (20)m,n
J ( r ) Y ( r )m,n m,n T m,n m,n T

the primes denote differentiation with respect to r, = n k ,
and the eigenvalues are the positive roots of

J ( r ) Y ( r )m,n H m,n H
= 0 (21)

J ( r ) Y ( r )m,n T m,n T
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Fig. 4 Spanwise variation of � rst harmonic perturbation veloc-
ities and pressure.

Fig. 3 Spanwise variation of mean velocity and pressure.

rH and rT are the constant hub and tip radii, respectively. There-
fore this solution is restricted to rotor geometries of constant
hub and case radii.

By superposition and without loss of generality the pertur-
bation velocity and pressure series solutions may be repre-
sented by a single term of the series in n. Applying Eq. (19)
to Eqs. (6) and (8) yields the following relations for the per-
turbation quantities corresponding to the � rst harmonic of rotor
blade pass frequency (n = 1).

For the two-dimensional case the perturbation quantities re-
sulting from the potential at some location x = 0 are

u = k A (22)p

= ik A (23)p

p = k A(U iV ) (24)0

For a three-dimensional � ow at some point x = 0 the per-
turbation quantities resulting from the potential are

u = C R( , r) (25)p m m m
m=1

k
= i C R( , r) (26)p m mrm=1

w = C R ( , r) (27)p m m

m=1

k
p = C U Vi R( , r) WR ( , r)0 m m m mrm=1

(28)

Analytical Procedure
For a two-dimensional � ow with spanwise pressure and ve-

locity data acquired and Fourier transformed to extract the � rst
harmonic of rotor blade pass frequency, A is calculated from
Eq. (24). The potential velocity p is then calculated using Eqs.
(22) and (23). The vortical velocity v is found from Eq. (3),
i.e., the potential velocity is subtracted from the measured ve-
locity yielding the vortical velocity. The proportionality con-
stant D is then determined from

¯ ¯u cos sinv vD = (29)
2 2U V

which is derived from the de� nition of vorticity and Eq. (13).
For the three-dimensional case, starting with Eq. (28), the

only unknown is Cm. The eigenfunctions R are orthogonal on
the interval r [rT, rH], but the � rst derivatives of the eigen-
functions in Eq. (28) are not, thereby precluding the solution
for Cm by integration over the interval. However, R ( m, r) and
(k /r)R( m, r) and mR( m, r) are approximately equal in am-
plitude, whereas U/Q 0.50, V/Q 0.86, and W/Q 0.06,
where

2 2 2Q = U V W

Therefore, from an order-of-magnitude analysis of the data,
the derivative term of R is neglected so that Eq. (28) may now
be solved for Cm per orthogonality of R.

With Cm determined by numerical integration, up, p, and wp

are found from Eqs. (25 – 27). (Six terms are used in the series
expansion in m.) The vortical velocities are then found using
Eq. (3), per the two-dimensional case.

Results
Temporal mean values of the radial W *, tangential V *, and

axial U * velocity components, and pressure P* at each span-
wise location are shown in Fig. 3. The velocity values are
nondimensionalized by Q (the magnitude of the mean velocity
vector), and the pressure by 0Q

2. The mean � ow is fairly
uniform, with spatial variations of less than 10% in the tan-
gential velocity across the span. The mean radial velocity is
small compared to the axial or tangential velocities. Corre-
sponding perturbation values of � rst Fourier harmonic mag-
nitude are shown in Fig. 4. The radial perturbation dominates
the unsteady � ow from the hub to midspan, otherwise, veloc-
ities are of similar magnitude.

The magnitudes of the potential radial, tangential, and axial
velocity perturbation components are shown in Figs. 5, 6, and
7, respectively. From 10 to 40% span, the radial perturbation
velocity is small compared to the tangential and axial pertur-
bation velocities that are nearly equal. Figures 6 and 7 show
a comparison of the potential perturbation velocities calculated
from the two- and three-dimensional formulations. The two-
and three-dimensional potential perturbation velocities, both
tangential and axial, compare well in both magnitude and
phase (phase not shown). The three-dimensional method pre-
dicts a radial perturbation, even when the mean radial � ow is
negligible, of which the two-dimensional method is incapable.
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Fig. 5 Potential perturbation radial velocity, three-dimensional
analysis.

Fig. 6 Potential perturbation tangential velocity, two- and three-
dimensional analyses.

Fig. 8 Phase differences: a) two- and b) three-dimensional anal-
yses.

Fig. 7 Potential perturbation axial velocity, two- and three-di-
mensional analyses.

Another comparison between the two- and three-dimen-
sional methods for the potential perturbations is to compare
the theoretical axial decay. For the two-dimensional method,
the axial decay factor from Eq. (18) is kx = nk , and with
the three-dimensional method the axial decay factor is kx =

m,n speci� ed in Eq. (19). The dominant axial decay factor
occurs when n = 1 and m = 0; for this case, the two-dimen-
sional axial decay factor is 3.45 in. 1 ( 0.136 mm 1),
whereas it is 3.87 in. 1 ( 0.152 mm 1) for the three-dimen-
sional method, a 12% difference.

The two-dimensional linear theory requires the axial and
tangential potential perturbation velocity components to be 90
deg out of phase, and the phase difference between the axial
and tangential vortical velocity components to be either 0 or
180 deg. Figure 8a shows the phase difference, tangential mi-
nus axial, between perturbation velocity components obtained
with the two-dimensional method. The potential phasing is in-
deed 90 deg, and the vortical phasing is near 180 deg, although
not consistently for all spanwise locations.

In contrast, as a result of the series summation in r, the
three-dimensional theory does not restrict the phasing of the
axial and tangential potential perturbation velocity components
to be 90 deg. Figure 8b shows the phase differences obtained
with the three-dimensional method. The potential perturbation
velocity components are not consistently 90-deg out of phase
as in the two-dimensional case, but the vortical phasing is

nearly equal to the measured perturbation velocity phasing for
the 50 – 90% span range, analogous to the two-dimensional
results.

If the phase difference of the potential perturbation velocity
components is 90 deg, and the vortical velocity components
are 0- or 180-deg out of phase as dictated by two-dimensional
linear theory, then the velocity vector plot of the � rst harmonic
gust perturbation would appear as in Fig. 9, which shows in
the x – plane the measured velocity vector (u, ) and its con-
stituents (up, p) and (uv, v), with the solid curve representing
p. Per linear theory,1 the vortical axial and tangential pertur-
bation velocity vector phasing is 0 or 180 deg, producing par-
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Fig. 12 Tip region gusts.

Fig. 13 Turbine rotor perturbation radial velocity component.

Fig. 14 Turbine rotor perturbation tangential velocity compo-
nent.

Fig. 9 Linear theory two-dimensional gusts.

Fig. 10 Hub region gusts.

Fig. 11 Midspan region gusts.
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Fig. 15 Turbine rotor perturbation axial velocity component.

Fig. 16 Comparison of two-dimensional theory proportionality
constant D to vortical velocity ratios.

allel vectors, and the relative � ow angle, i.e., the � ow angle
when the vortical velocity magnitude is a maximum, termed
the gust magnitude direction w, is equal to the mean relative
� ow angle, i.e., = w. In Fig. 9, is measured from axial¯ ¯
to the longer of the two nonperpendicular arrows, with w

measured from axial to the shorter of the two nonperpendicular
arrows.

Figures 10 – 12 show the � rst harmonic gust vector data for
10 – 90% span. In general, ¹ w, but at 20, 70, 80, and 90%¯
span, the two angles are nearly equal. The phase difference of

the vortical velocity components is not 0 or 180 deg, but at
40 and 80% span, the vortical velocity vectors are nearly par-
allel. Gust plots (not shown) obtained with the three-dimen-
sional method are indistinguishable from the results of Figs.
10 – 12, which were generated using the two-dimensional po-
tential velocity. This is a result of the similarity between the
two- and three-dimensional potential velocity cases shown in
Figs. 6 and 7.

Figures 13 – 15 show the � rst harmonic magnitudes of the
radial, tangential, and axial potential and vortical velocity per-
turbation data, respectively. From 40 to 90% span, the vortical
perturbation velocity component is dominant. However, for the
radial perturbation velocity component, the vortical velocity is
dominant over the entire span.

Figure 16 compares the calculated values of D [Eq. (29)] to
the ratio of the vortical velocity component to the mean ve-
locity component. From two-dimensional linear theory, D =
uv/U = v/V and D = constant. From the data, D is of the same
order of magnitude as the vortical velocity ratios, but is gen-
erally not equal to them or constant. Further, the vortical ve-
locity ratios are not equal. However, the phase angle of D is
nearly equal to the phase angle of one of the two velocity
ratios.

Summary and Conclusions
To address the three-dimensional � ow� elds inherent in tur-

bomachines, a three-dimensional compressible forcing-func-
tion modeling technique to split forcing-function data into vor-
tical and potential components was developed. This was
accomplished by extending state-of-the-art two-dimensional
methods, with the steady � ow considered to be uniform and
compressible. Three-dimensional unsteady forcing-function
data, both unsteady pressure and velocity, produced by the � rst
rotor of a low-speed, two-stage research turbine were used in
the model development. Both the three-dimensional model de-
veloped herein and a two-dimensional model were then used
to split the measured forcing-function gusts into potential and
vortical components, with the two- and three-dimensional re-
sults correlated.

For the potential perturbation velocity the three-dimensional
method agrees well with the two-dimensional method applied
in strip theory fashion. Also, the two- and three-dimensional
axial decay factors differ by only 12%. The three-dimensional
method predicts radial perturbations, even if the mean radial
� ow is small or zero, of which the two-dimensional method is
incapable.

For the vortical perturbation velocity the proportionality con-
stant D is not constant, but instead varies with span. Also, the
phasing of the vortical velocities is generally not in congruence
with the two-dimensional theoretical phasing. These experi-
mental results are consistent with the three-dimensional model
developed herein, which showed that simple proportionality be-
tween the perturbation and mean velocities does not exist for
� ow regions that are best described by the three-dimensional
cylindrical coordinate system because of curvature.

Finally, regarding the measured velocity � eld, the fraction
of the measured perturbation velocity that is potential or vor-
tical varies with span. The perturbation velocity � eld is dom-
inated by the vortical velocity from 40 to 90% span. Also of
note is that near the hub the radial perturbation velocity dom-
inates from 10 to 50% span.
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